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We show that the renormalized U(N) noncommutative Chern-Simons theory can
be defined in perturbation theory so that there are no loop corrections to the 1PI
functional of the theory in an arbitrary homogeneous axial (time-like, light-like or
space-like) gauge. We define the free propagators of the fields of the theory by using
the Leibbrandt-Mandelstam prescription –which allows Wick rotation and is consis-
tent with power-counting– and regularize its Green functions with the help of a family
of regulators which explicitly preserve the infinitesimal vector Grassmann symmetry
of the theory. We also show that in perturbation theory the nonvanishing Green
functions of the elementary fields of the theory are products of the free propagators.
1.- Introduction
In 1982 [1], the integral of the Chern-Simons three-form was added to the Yang-Mills
action to give the gauge field in three dimensions a mass without the need of the Higgs
mechanism. Thus Topologically Massive Yang-Mills theory was born. In 1988, Nonabelian
Chern-Simons theory [2] –the theory whose action is the integral over a given (commuta-
tive) three-dimensional manifold of the Chern-Simons three form for a nonabelian gauge
group– was introduced to give a three-dimensional and field theoretical definition of the
Jones polynomial and other topological invariants of three-dimensional manifolds. When
the gauge field of the Chern-Simons action couples to matter fields we obtain field theories
having anyonic excitations, these field theories being relevant in the long wavelength range
description of the fractional quantum Hall effect and high temperature conductivity [3].
The perturbative construction of Nonabelian Chern-Simons theory has been the sub-
ject of intensive research and has yielded very beautiful and deep results –see ref. [4] and
references therein. In particular, the perturbative study of the observables of the theory in
the temporal and light-cone gauges has given rise [5] respectively to a combinatorial repre-
sentation of the Vassiliev invariants and the representation of these invariants furnished by
the Kontsevich integral. The Light-cone gauge had been used much earlier [6] to quantize
Nonabelian Chen-Simons theory and obtain the Knizhnik-Zamolodchikov equation as the
differential equation to be satisfied by the Wilson line vevs, thus making connection with
the Wess-Zumino-Witten model.
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The Chern-Simons action over noncommutative manifolds [7] –henceforth the non-
commutative Chern-Simons action– was first considered in refs. [8]. The properties of
Chern-Simons theory on the noncommutative plane –henceforth noncommutative Chern-
Simons theory– has been studied perturbatively [9] and nonperturbatively [10, 11] in a
number of papers. The noncommutative Chern-Simons action as an induced action has
been considered in ref. [12]. Fractional quantum Hall fluids can be given an effective de-
scription by using the noncommutative Chern-Simons theory [13]. It would appear that
noncommutative Chern-Simons theory will play in Physics as outstanding a role as its
ordinary sibling does.
The purpose of this paper is to quantize perturbatively the noncommutative Chern-
Simons theory in a general homogeneous axial-type gauge –nµAµ = 0, either with n
2 > 0
(space-like), n2 = 0 (light-cone), or with n2 < 0 (time-like). We shall use the generalized
Leibbrandt-Mandelstam prescription to go around the axial infrared singularity of the naive
propagators and thus treat on equal footing the three types of axial gauges. By employing
a rather arbitrary regularization method which explicitly preserves the Grassmann vector
symmetry of the theory, we shall be able to compute, at any order in perturbation theory,
the radiative corrections to Green functions of the elementary fields. We shall thus show
that in the theory so defined these Green functions lack radiative corrections and that they
are, the Green functions, either products of the free propagators or vanish.
The layout of this paper is as follows. In section 2, we establish the symmetries of the
gauge fixed theory and perform the computation of the quantum corrections to the 1PI
functional. Section 3 contains the conclusions and some comments.
2.- Symmetries and quantum corrections
To define in perturbation theory the noncommutative U(N) Chern-Simons theory in
an homogeneous axial type gauge one defines, perturbatively, the path integral with the
help of the following action
S = −
k
4π
Tr
∫
d3x ǫµρν(Aµ ⋆∂ρAν−
2i
3
Aµ ⋆Aρ ⋆Aν) + 2Tr
∫
d3x (b⋆nµAµ− c¯⋆n
µDµ[A]c),
(1)
where Dµ[A]c = ∂µc − i(Aµ ⋆ c − c ⋆ Aµ). The fields Aµ, b, c¯ and c take values in the
Lie algebra of U(N). We define the generators of this Lie algebra as N × N hermitian
matrices, {(T a)ij}a=0,...,N2−1, i, j = 1, .., N , which satisfy [T
a, T b] = −ifabcT c and which
are normalized so that TrT aT b = 12δ
ab, if a, b ≥ 1, and T 0 = 1√
2N
. For this normalization
of the generators, T a, the path integral is invariant under arbitrary gauge transformations
only if k is an integer [11] –a result which also holds for the noncommutative torus [8].
The action in eq. (1) is invariant under BRS, s, and antiBRS, s¯, transformations:
sAµ(x) = Dµc(x), sc¯(x) = b, sb(x) = 0, sc(x) = i(c ⋆ c)(x);
s¯Aµ(x) = Dµc¯(x), s¯c(x) = b, s¯b(x) = 0, sc¯(x) = i(c¯ ⋆ c¯)(x).
As in the commutative space-time case, the action in eq. (1) is also invariant under the
following infinitesimal transformations
vµAν(x) =
4π
k
ǫµνρn
ρc¯(x), vµc¯(x) = 0, vµb(x) = ∂µc¯(x), vµc(x) = Aµ(x);
2
v¯µAν(x) =
4π
k
ǫµνρn
ρc(x), v¯µc(x) = 0, v¯µb(x) = ∂µc(x), v¯µc¯(x) = Aµ(x). (2)
The BRS transformations, the transformations generated by vµ and the operator ∂µ close
upon imposing the equations of motion; thus generating the following trivial noncom-
mutative generalization of the on-shell N = 1 supersymmetry algebra over commutative
space-time of ref. [14]:
s2 = 0, {vµ, vν} = 0, {s, vµ} = ∂µ.
The infinitesimal transformations generated by v¯µ were introduced in ref. [15], but they
do not lead to an on-shell closed algebra.
To make sense out of the Feynman diagrams which yield the 1PI functional of the
theory with action in eq. (1), we need to find first our way around the axial IR singularity,
pn = 0, of the free propagators, i.e., we need to define the object
1
pn
as a distribution. This we shall do by using the generalized Leibbrandt-Mandelstam pre-
scription:
1
pn
≡
pn∗
pn pn∗ + i0+
, (3)
where n∗ is a suitable vector. If space-time is commutative, the generalized Leibbrandt-
Mandelstam prescription allows, unlike the principal-value prescription, Wick rotation
of the Green functions whatever the axial-type gauge chosen –the light-cone gauge, in
particular– and whatever the space-time dimension. The prescription in eq. (3) can thus
be used to define Green functions whose UV finiteness may be settled by using power-
counting arguments [16]. This property also holds for theories defined on noncommutative
Minkowski space-times of electric type –and light-like type– since the Moyal phases of the
interaction vertices do not preclude Wick rotation to Euclidean noncommutative space-
time [17]. In this paper we shall not need to use any particular particular realization
of n∗, all we shall use are the aforementioned properties of the Leibbrandt-Mandelstam
prescription. The reader is referred to refs. [18], [19] and [20] for further information on
the generalized Leibbrandt-Mandelstam prescription.
Now that we have defined the free propagators, we may go on and check whether loop
corrections to the Green functions are UV finite or they give rise to UV divergences. The
same type of power-counting arguments as in the ordinary case [16, 15] can be applied
to the planar contribution of the Green functions to conclude that the noncommutative
theory presents UV divergences. To regulate these divergences we shall use the family
of regulators introduced in ref. [15]. These regularizations render absolutely convergent
the Feynman diagrams of the theory upon Wick rotation to Euclidean noncommutative
space-time. Furthermore, they preserve explicitly the infinitesimal symmetries in eq. (2),
for the regularized action reads:
SΛ =−
k
4π
Tr
∫
d3x ǫµρν
[
Aµ ⋆ R(−
∂2
Λ2
)∂ρAν −
2i
3
Aµ ⋆Aρ ⋆Aν
]
+ 2Tr
∫
d3x
[
b ⋆ R(−
∂2
Λ2
)nµAµ − c¯ ⋆ R(−
∂2
Λ2
)nµ∂µc + ic¯ ⋆ (Aµ ⋆ c− c ⋆Aµ)
]
.(4)
3
R(− ∂
2
Λ2
) is any of the functions below:
R(−
∂2
Λ2
) = e−
∂
2
Λ2 , R(−
∂2
Λ2
) =
(
1 +
∂2
Λ2
)m
, m ≥ 2, m an integer.
The regularized action in eq. (4) is not BRS invariant –neither antiBRS invariant. However,
we shall show that
ΓΛ = SΛ, (5)
ΓΛ being the 1PI functional for the action in eq. (4), so that the limit
lim
Λ→∞
ΓΛ = S, (6)
S being the action in eq. (1), yields a renormalized theory with no loop corrections to
the tree-level 1PI functional. Obviously, the renormalized theory thus defined is invariant
under BRS and antiBRS transformations, let alone the transformations in eq. (2). Notice
that for the regularizations chosen, which explicitly preserve the infinitesimal vector sym-
metries in eq. (2), no shift of the Chern-Simons parameter k occurs. The regularization
method used in ref. [21] will yield, presumably, such a shift, at the cost of spoiling the su-
persymmetry invariance of the theory defined by eq. (6)–see ref. [22] for the “commutative”
analysis.
The Feynman rules for the action in eq. (4) are given in Fig. 1, where
Vi1i2i3j1j2j3(k1, k2) = δ
i1
j3
δi2j1δ
i3
j2
e
i
2
θ(k1,k2) − δi1j2δ
i2
j3
δi3j1 e
− i
2
θ(k1,k2).
Let us move on and show that eq. (5) holds indeed. Let us call a vertex of a 1PI
Feynman diagram internal if none of its legs is an external leg. Every 1PI Feynman
diagram with two loops or more contains at least one internal vertex. An internal vertex
can be of A-A-A–type or of c¯-A-c–type. The contribution to the diagram coming from
each of these vertices with their legs on reads
−Vj1j2j3i1i2i3 (k1, k2)
3∏
i=1
1
R(k2i /Λ
2)
kin
∗
kin kin∗ + i0+
ǫν1ν2ν3 ǫµ1ρ1ν1ǫµ2ρ2ν2ǫµ3ρ3ν3 n
ρ1 nρ2 nρ3 ,
−
π
2k
Vj1j2ji1i2i (k1, k2)
3∏
i=1
1
R(k2i /Λ
2)
kin
∗
kin kin∗ + i0+
ǫµρσ n
ρ nσ,
respectively. The second contribution obviously vanishes and so it does the first one since
ǫν1ν2ν3ǫµ2ρ2ν2ǫµ3ρ3ν3 n
ρ2 nρ3 = nν1ǫµ2µ3σn
σ. We have thus shown that beyond one-loop
there are no contributions to the 1PI functional of the regularized theory defined by the
action in eq. (4). Now for the one-loop loop contributions.
Let Γi1···iE µ1···µEj1···jE (k1, · · · , kE) denote the one-loop contribution to the 1PI Green func-
tion of E gauge fields and no ghost field. If E ≥ 3, then
Γi1···iE µ1···µEj1···jE (k1, · · · , kE) = Γ
(gauge modes) + Γ(clockwise) + Γ(anticlockwise), (7)
4
µ1 1
j
i1 µ2
2j
i2
k
−
2pi
k δ
j2
i1
δ
j1
i2
ǫµ1ρµ2n
ρ 1
R(p2/Λ2)
1
pn
k3
k2
µ1 1
j
i1
µ2 2ji2
3µ 3ji3
1k k
2pi ǫ
µ1µ2µ3 Vi1i2i3j1j2j3
(k1, k2)
1j
i1
2j
i2
k
1
2
δ
j2
i1
δ
j1
i2
1
R(p2/Λ2)
1
pn
µ j
i
1j
i1
2j
i2
1k k2
k nµ Vi1i2ij1j2j(k1, k2)
Figure 1.- Feynman rules for noncommutative U(N) Chern-Simons theory in a homogeneous
axial gauge. Note that Vi1i2i3j1j2j3
(k1, k2) = δ
i1
j3
δ
i2
j1
δ
i3
j2
e
i
2
θ(k1,k2)
− δ
i1
j2
δ
i2
j3
δ
i3
j1
e−
i
2
θ(k1,k2).
where Γ(gauge modes), Γ(clockwise) and Γ(anticlockwise) are, respectively, the contributions fur-
nished by gauge modes going around the loop and ghost modes propagating around the
loop clockwise and anticlockwise. Using the Feynman rules in fig. 1, one can readily show
that
Γ(gauge modes) =
∫
d3q
(2π)3
E∏
i=1
1
R(p2i /Λ
2)
pin
∗
pin pin∗ + i0+
E∏
i=1
V
iimi−1li
jili−1mi
(−ki, pi−1)
E∏
i=1
Nµiνi−1νi ,
Γ(clockwise) = −(−1)E
E∏
i=1
nµi
∫
d3q
(2π)3
E∏
i=1
1
R(p2i /Λ
2)
pin
∗
pin pin∗ + i0+
E∏
i=1
V
iimi−1li
jili−1mi
(−pi−1, pi)
and
Γ(anticlockwise) = −(−1)E
E∏
i=1
nµi
∫
d3q
(2π)3
E∏
i=1
1
R(p2i /Λ
2)
pin
∗
pin pin∗ + i0+
E∏
i=1
V
mi−1liii
li−1miji
(−pi−1, pi).
(8)
In the previous equation l0, m0, v0 and p0 are equal to lE, mE, vE and pE, respectively,
5
and p1 = q and ki − pi−1 + pi = 0. ki, −pi−1 and pi are the momenta coming out
of the vertex with index i. Further, the symbol N
µiνi−1
νi denotes the tensor contraction
−ǫµiνi−1ρiǫρiσνin
σ.
Now, it is not difficult to show that
E∏
i=1
Nµiνi−1νi = 2 (−1)
E
E∏
i=1
nµi , V
limi−1ii
mili−1ji
(pi,−pi−1) = −V
iimi−1li
jili−1mi
(−pi−1, pi)
and
V
iimi−1li
jili−1mi
(−pi−1, pi) = V
iimi−1li
jili−1mi
(−ki, pi−1), V
mi−1liii
li−1miji
(−pi−1, pi) = V
iimi−1li
jili−1mi
(−ki, pi−1);
which employed along with eq. (8) yield
Γ(clockwise) = Γ(anticlockwise) = −
1
2
Γ(gauge modes).
If we substitute this result in eq. (7), we will conclude that
Γi1···iE µ1···µEj1···jE (k1, · · · , kE) = 0,
whenever E ≥ 2. This result also holds for E = 1, 2 since in both these cases
Γi1···iE µ1···µEj1···jE (k1, · · · , kE) =
1
2
Γ(gauge modes) + Γ(clockwise),
with Γ(gauge modes) and Γ(clockwise) given in eq. (8). Notice that the factor 12 on the r.h.s of
eq. (8) is the symmetry factor of the diagram with gauge modes propagating around the
loop.
The one-loop contribution to any 1PI Feynman diagram with ghost vanishes since it
has at least an internal gauge propagator contracted with the nµ vector of a c¯-A-c vertex,
a contraction which vanishes.
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3.- Conclusions and comments
We have shown in this paper that U(N) Chern-Simons theory on the noncommutative
plane can be defined in perturbation theory so that its 1PI functional in an arbitrary
homogeneous axial gauge receives no quantum corrections. To construct the theory we have
used, as an intermediate stage, a regularization method which preserves the infinitesimal
vector Grassmann symmetry of the theory.
Let us state next that for our definition of the theory the following results hold
〈
2E+1∏
l=1
Ailjl µl(xl)〉 = 0,
〈
2E∏
l=1
Ailjl µl(xl)〉 =
∑
P
E∏
m=1
〈A
ilm
jlm µlm
(xlm)A
inm
jnm µnm
(xnm)〉, (9)
where P = {(l1, n1), (l2, n2), · · · , (lE, nE)} is the set of all possible collections of E pairings
of the elements of {1, · · · E} with lm < nm. To prove the results in eq. (9), one may use
the invariance of the theory under the first infinitesimal transformation in eq. (2), the fact
that by ghost number conservation
〈
E∏
l=1
Ailjl µl(xl)c
iE+1
jE+1
(xE+1)〉 = 0,
and the fact that for our definition of the noncommutative theory
〈O1(A)O2(cc¯)〉 = 〈O1(A)〉〈O2(cc¯)〉.
Hence, the Green functions of the elementary fields of the noncommutative theory are
in perturbation theory those of the ordinary (over commutative space-time) theory. Of
course, as happens in the ordinary case, it is the vev of gauge invariant operators which
carries the really nontrivial information –barring the famous one-loop shift of k. We will
report elsewhere on the equations satisfied by vev of Wilson lines and the connection
of noncommutative Chern-Simons theory with the noncommutative Wess-Zumino-Witten
model [23].
Finally, when I was writing this paper, I came across the paper quoted in ref. [24]
where radiative corrections in Noncommutative Chern-Simons theory in an axial space-
like gauge are analyzed. In the latter paper the principal value prescription is used and
the results therein displayed agree with ours for space-like gauges.
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